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1. INTRODUCTION 
In the literature concerning systems of chemical reactions two definitions 
of chemical equilibrium may be found. One of these is derived from the 
principles of chemical kinetics (1) by equating the reaction rates to zero 
while the other is derived from thermodynamic principles by setting the 
chemical affinities to zero (2). The equivalence of these two statements is 
often inferred from the assumption that at a near equilibrium state the 
reaction rate is a linear function of the affinity for each reaction (vide (3)). 
The equivalence of these two statements has in effect been proved through 
stability of equilibrium postulates by Colman and Gurtin (4).l Here it is 
shown that for ideal solutions this equilibrium is unique by developing 
Coleman and Gurtin’s theory in terms of the Gibb’s function. 
2. HOMOGENEOUS SYSTEMS OF CHEMICAL REACTIONS 
A homogeneous chemically reacting system is described by any thermo- 
dynamic process in which 
(1) the spatial position x = x(X, t) such that grad x = F(t) + I i.e. 
the motion is uniform. 
(2) the symmetric Cauchy stress tensor T = T(t) = p(t) I is hydro- 
static and uniform. 
(3) the body forces exerted by the outside world are uniform i.e. b = b(t). 
(4) the specific internal energy is uniform i.e. e = e(t). 
1 Bowen [l I] has recently shown that a sufficient condition for an equilibrium state 
to be stable is that the free energy should have a true minimum with respect to that 
state. At a stable equilibrium state only, does the vanishing of the reaction rates imply 
the vanishing of the chemical affinities ? 
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(5) the heat Hus q :: q(t) and heat supply r = r(t) are uniform. 
(6) the specific entropy 7 = q(t), the temperature tr = 0(t) and the 
estents of reaction 5 = g(t) are all uniform. 
An analysis of systems of chemical reactions and a definition of 5 is given b! 
Aris in (5). 
All of the above imply the absence of diffusion which could arise from 
non-uniformity. The class of thermodynamic processes described by (l)-(6) 
form a particularly simple sub-class of those considered by Coleman and 
Gurtin (4). If the number of chemical species present is S and if a species is 
located at X,V at t = 0 then (I) and (2) are compatible if 
x.s=(at+ 1)X, s = 1, 2,... s 
and a as in previous line is a constant. Under these conditions Coleman and 
Gurtin’s constitutive assumptions reduce to 
P = P(V 0, 9 
q = q(v e,tJ 
e = f@, 0, 5) (2.1) 
as the temperature gradient is zero and here # is the free energy. Since 
divq = 0 the system must be calorically insulated i.e. q = 0. From the 
postulate that every thermodynamic process leads to positive production of 
entropy it follows that 
Tzp85L 
ae ’ 
*=-3 
aa 
and 
An equilibrium state is defined by the relation 
f(o*, e*, g*) = 0 
and if such a state is asymptotically stable (4) then 
9w, e*, 5) 2 +(o*, e*, ti*) 
for all p in some neighbourhood of E,*. 
(2.2) 
(2.3) 
(2.4) 
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On the other hand if the strong form of (2.1)s holds away from equilibrium 
(i.e. 5 f g*) the reaction system is strictly dissipative. Then an equilibrium 
state (o*, 0*, g*) is asymptotically stable if and only if 
$e*, o*, 5) > w*, o*, g*). (2.5) 
Such a state is also Lyapunov stable and #(v*, 0*, S) serves as a Lyapunov 
function for (2.1), . 
3. RELATION OF ISOCHORIC TO ISOBARIC STABILITY 
The free enthalpy or Gibb’s function is given by the relation 
G = J,+, 0, g) + PV. 
The isothermal bulk elasticity is defined by 
(3.1) 
r 
E = - g (v, 8, 5) 
and from (2.2) 
8P E=-VZ),. 
@V 
It is assumed that E > 0 so that @/av < 0 and it then follow that p is a 
single valued invertible function of v. Therefore we may write for 
G = #(R a(~, &5)> 5) + P~(P, 0, 5) = C(P, 4 9 (3.4) 
By an application of the chain rule and the use of the relations (2.2) we obtain 
the identities 
aG ae a$ ae ale, 
-=-3 -=- F = ‘v ae ae ag ae (3.5) 
and the equivalent form 
(3.6) 
for the dissipation inequality. 
By a simple modification of Coleman and Gurtin’s (4) argument it may be 
shown that if 
f-p*, fl*, 5*) = 0 (3.7) 
and (p*, 0*, e*) is an asymptotically stable equilibrium state then 
qp*, e*, 5) 3 mJ*, e*, 5*1 (3.8) 
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for all 5 in some neighbourhood of 5”‘. The same applies to the proof of 
Lyapunov stability when the system is strictly dissipative, i.e. the strong form 
of (3.6) holds and the criterion for asymptotic stability of any state (p*, H*, g*) 
satisfying (3.7) becomes 
qp*, or, 5) > qp*, e*, 5*). (3.9) 
Thus the Gibb’s function G(p*, O*, 5) serves as a Lyapunov function in this 
case (6). 
Since 
then it follows from (2.2) that 
(3.10) 
(3.11) 
and therefore that #(er, 8, 5) is a convex function of o. Again following 
Coleman and Gurtin it may be shown using (3.11) and the consequential 
convexity of z/ along with (3.4) that 
G(P*, e*, 5) - QP*, e*, s*) G +(v*, e*, 5) - 4 b*, e*, 5*). (3.12) 
The following theorem is implied by (3.12): 
Given that the strong forms of (3.6) and (2.2)s hold, then if an equilibrium 
state is asymptotically stable at constant pressure and temperature it is 
asymptotically stable at constant volume and temperature. 
It has already been established by Coleman and Gurtin that, in strictly 
dissipative systems, asymptotic stability at constant volume and temperature 
implies asymptotic stability at constant volume and entropy while the latter 
is equivalent to asymptotic stability at constant volume and energy (4). The 
above theorem implies that (3.9) . 1s a sufficient condition for all of these types 
of stability. 
4. EQUILIBRIUM IN IDEAL SYSTEMS 
A homogeneous chemically reacting system is said to be ideal if the total 
specific free enthalpy has the form (7) 
C=i 
S=l 
cs /24.(p, 0) + 9% ln ($-)I 
cfl 
s-1 
(4-l) 
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where U&J, 0) is the free enthalpy per mole of the sth constituent of the reac- 
tion system, c8(> 0) is the molar concentration per unit mass of this consti- 
tuent and S? is the universal gas constant. Examples of ideal systems are 
mixtures of perfect gases and weak solutions. 
Between S molecular species there may be R independent chemical 
reactions and R < S (5). If 5’ is the extent of any one of these reactions then 
cs = cos + a,“5’, (s = 1, 2 ,..., S, Y = 1, 2 ,..., R) 
or 
c = co + AS, (4.2) 
where A is the stoichemometric matrix and co is the initial concentration 
vector. 
A set of sufficient conditions that (3.9) be satisfied for all 5 in some neigh- 
bourhood of g* is given by 
$ = tl a,“u,(p*, e*) + 9?0* In (4) = 0 (4.3) 
zi” 
while the R x R matrix whose elements are 
is positive definite (8). 
The typical element (4.4) may be written in the form 
a2e 9e* 
’ ag ap 
= car 
. aj) (b’ * b) - (ar’ * b) (b’ * aj) 
.S=l 
(4.4) 
(4.5) 
where 
We note from (4.5), that the determinant ) a2C?/agr &? 1 , appropriately 
factored, is obtained’from the determinant 
b’eb b’.a, ... b’.aR 
al’ *b a,‘*a, ... a,‘.aR 
. . . . . . . . . . . . 
a,‘.b aR’.a, ... aR’.aR 
(4.6) 
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by pivotal condensation with b’ . b (> 0) as pivot (9). But (4.6) is a Grammian 
and therefore positive definite provided b, a, ,..., aR are independent vectors 
(10). Th e vectors a, ,..., aR are linearly independent as these represent a set 
of independent proper chemical reactions and as such are the annihilators 
of the S molecular species. The vector b cannot be an annihilator of the 
molecular species as mass must be conserved and bs > 0, all s. Therefore it 
does not represent a proper chemical reaction and so is independent of 
a, ,..., aR (i.e. it does not lie in the subspace covered by a, ,..., aR (5). Since 
(b’ * 6) > 0 and (&‘0*/& c”) > 0 .L f 11 n 0 ows that 1 PG/a~ a[j / is positive 
definite. 
By the same token all principal minors of / iYC?/a[r k& 1 are derived, 
through pivotal condensation, from those principal minors of (4.6) obtained 
by deleting the rows and columns of a choice of diagonal elements not con- 
taining b’ . b. An application of the above reasoning then leads to the con- 
clusion that all principal minors of the matrix (Pc/:iap a@) are positive 
definite and thus that the matrix itself, as such, is positive definite. 
Since the proof of the positive definite character of the matrix (a@/aE’ at;) 
is independent of the state (p*, t)*, t*) we are led to state this theorem: 
A necessary and sufficient condition that, in an ideal strictly dissipative 
system, the equilibrium state (p*, 8*, E*), which satisfies (3.7), be asymptotic- 
ally stable is 
(4.7) 
5. UNIQUENESS OF EQUILIBRIUM 
At an asymptotically stable state in an ideal system the extents of reaction 
satisfying (3.7) and (4.7) for a given pair (p*, 0*) have the same value. 
Therefore any solution of (3.7), viz 
t* = &(P*, e*) (5.1) 
is also a solution of (4.7). But by (4.7), (4.1) and (4.2) 
where 
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The equations (5.2) will have a unique solution for [* given any pair (p*, 0*) 
provided the Jacobian 1 akJaf*j 1 f 0. 
A typical element of the Jacobian is 
(5.3) 
These elements are exactly those of the matrix (a”C?/aP a(j) less the positive 
factor We*. It follows from the positive definiteness of this matrix that the 
Jacobian 1 ak,/a[*j 1 + 0. 
Our second theorem and the above result implies this theorem: 
In an ideal system the extent of reaction vector g* which combines with the 
pair (p*, 0*) to form the asymptotically stable equilibrium state (p*, 8*, g*) 
so that 
f(p*, e*, 5*) = 0 and 6G - = 
3 
0 
5=5’ 
is unique. 
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